An analytical expression for the amplitudes of magnetostatic surface spin waves (MSSWs) propagating in opposite directions at a magnetic film surface is presented. This shows that for a given magnetic field H, it is forbidden for an independent MSSW to propagate along the direction of ÀH Âñ, whereñ is the surface normal. This unidirectional propagation property is confirmed by experiments with both permalloy and yttrium iron garnet films of different film thicknesses, and has implications in the design of spin-wave devices such as isolators and spin-wave diodes. Spin waves are a manifestation of the high-frequency fundamental dynamics of ferromagnets and ferrites, and have been a hot topic for more than five decades.
Spin waves are a manifestation of the high-frequency fundamental dynamics of ferromagnets and ferrites, and have been a hot topic for more than five decades. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] The propagation of magnetostatic surface spin waves (MSSWs) is known to be nonreciprocal. [12] [13] [14] [15] [16] However, the wave amplitude relationship of spin waves propagating in different directions is still not established quantitatively, even for the simplest case of determining the relationship between the amplitudes of two waves excited by a single source and propagating in opposite directions at the same surface. Interest in this topic has been growing recently since MSSWs have been considered as one of the potential candidates for future information processing systems. [17] [18] [19] Recent progress in nanofabrication also allows new spin wave device functionalities to be explored. [7] [8] [9] [10] [11] In this work, we present the quantitative relationship between the amplitude of MSSWs propagating in opposite directions at the same film surface, and show that it is forbidden for an independent MSSW to propagate in the direction of ÀH Âñ, whereH is the effective magnetic field in the film andñ is the surface normal. Further to the known nonreciprocal propagation, this paper will show that the MSSW propagation at the surface is intrinsically unidirectional: It has only one sign of wavevector, while the observed wavevector with opposite sign [12] [13] [14] [15] [16] is due to leakage from the other surface of the film due to limited thickness, and the amplitude of those leaked waves will reduce exponentially as the film becomes thicker. This conclusion may lead to the realization of spin-wave isolators and spin-wave diodes. Figure 1 shows a magnetic film with infinite lateral extent with a magnetic field H applied in the film plane along the z-axis. In this work, only MSSWs are considered since it is easier to excite and propagate a single mode MSSW than a backward volume magnetostatic spin wave (BVMSW) 2 and, based on our experiments, the attenuation of a BVMSW in a metallic ferromagnetic film is orders higher than that of an MSSW. Without loss of generality, the MSSW is assumed to propagate along the y-axis and k z ¼ 0. 2, 6 Therefore, waves propagating at the top film surface can be written as A þy e iðxtÀjk y jyÞ for the wave propagating along the þy direction, and B Ày e iðxtþjk y jyÞ for the wave along the Ày direction. Similarly, the waves at the bottom surface can be written as C þy e iðxtÀjk y jyÞ and D Ày e iðxtþjk y jyÞ , respectively. We follow Damon and Eshbach's approach 2 and notation to obtain the simultaneous solution of Maxwell's equations and the equation of motion of the sample magnetization, with the boundary conditions of the continuity of the normal component of theB field and the tangentialH field at the surfaces. The amplitude ratio of those waves can be subsequently obtained, i.e., the solution to Eq. (17) 
À2jkyjs Þ , M 0 is the saturation magnetization of the magnetic film, s is the film thickness, c is the gyromagnetic ratio, and
Since the system of Figure 1 plitude of the wave propagating along the þy direction is exponentially larger than that of the wave along the Ày direction at the top surface. For more details, the following three distinct situations are discussed: Thick film: For a thick film (s )k, where k is the wavelength of the spin wave), as jk y js )1, then Eq. (3) reduces to A þy =B Ày ) 1. This means B Ày ¼ 0 since the spin wave amplitude A þy cannot be infinitely large. This indicates that under this condition, the MSSW propagates only along the þy direction at the top surface. If the system is symmetrical, at the bottom surface the wave can propagate only along the Ày direction. In summary, the MSSW propagates only along the direction ofH Âñ at either the top surface or the bottom surface.
Intermediate film thickness: For a film whose thickness
6 , which demonstrates that the spin wave energy along the þy direction is more than 10 6 times larger than that along the Ày direction. This implies that even a thin film, for example, 100 nm thick, an excellent non-reciprocity of the signal transmission could be still achieved if the wavelength is close to or less than the film thickness.
Thin film: For a thin film where s ( k and jk y js ( 1, Eq. (3) can be simplified to
Equation (4) indicates the waves can propagate in both directions, but the amplitude of an MSSW along the þy direction is larger than that along the Ày direction at the top surface.
Further examining the surface wave distribution, we find the waves are attenuated within a characteristic length 1/jk y j as the wave travels away from the surface of the film toward either the interior or exterior of the film. With the same approach as Ref. 2 , the decay of the transverse magnetic potential in the x-direction is the same as Eq. (1), where s is substituted for x. From the decay of the transverse magnetic potential in the x-direction, it is clear that the energy is localized at either the top or bottom surface, and there is only one wave propagating at the top surface, that is, along the þy direction; and the wave propagating at bottom surface is only along the Ày direction. Thus, physically, C þy is the leaked signal of A þy and B Ày is the leaked signal of D Ày because the film is so thin that the film is unable to isolate MSSWs completely. As the film thickness s increases, B Ày and C þy will decrease exponentially. If there is no wave propagating along theH Âñ direction, an MSSW is unable to propagate along the ÀH Âñ direction at the film surfaces alone. In this sense, we conclude that under a magnetic field H, it is forbidden for an independent MSSW to propagate along the direction of ÀH Âñ.
The property of unidirectional propagation of MSSWs at the film surface may lead to potential applications, for example, spin-wave diodes and isolators, and Eq. (3) will serve as the design reference. In addition, it is interesting to study how an MSSW interacts with an obstacle because the simple reflection of a MSSW at an obstacle is forbidden.
Finally, we note that exchange interaction had been ignored in the above analysis. However, the unidirectional propagation of MSSW is still valid even when exchange interaction is taken into consideration, and the effective magnetic field H in the above equations now becomes
where A is the exchange stiffness constant of the magnetic film.
In order to verify Eq. Figure 2 shows the amplitude in logarithmic scale dBm of spin waves propagating along the direction from Antenna 1 to Antenna 2 under a negative (along the Àz direction) and positive (along the þz direction) magnetic field H.
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A linear plot at the frequency of 2.75 GHz is shown in the top panel. This shows that the spin-wave amplitude at H > 0 is larger than that at H < 0 for the same wave-vector. At 2.75 GHz, the wave amplitude ratio of two outer peaks, one at H % 100 Oe and another at H % À100 Oe, is approximately 1.2, which is the same value as that predicted by Eq. (4) at the wavelength of 16 lm.
Strictly speaking, the top antenna structure breaks the symmetrical condition of x!Àx that has been used to derive Eq. (3). However, our experimental data shows that the MSSW power detected by the metal line (antenna structure) is less than À45 dBm when 0 dBm microwave has been used to excite MSSWs. Thus, the detected MSSW power is more than 30 000 times smaller than the excitation power. This indicates a very weak coupling between the MSSW and antenna. Therefore, even though the top antenna exists, Eq. (3) is still valid as a good quantitative estimation formula because the top metal line has a very limited effect on MSSW propagation. Further evidence that the antenna is not important is that MSSWs can be excited and detected by a purely optical technique that eliminates the top metal antennas. For example, Ref. 14 used Brillouin light-scattering spectroscopy to detect MSSWs. The conventional microwave antenna method and the optical method are therefore consistent. Figure 3 shows the spin-wave amplitude ratios A þy =B Ày propagating in opposite directions at the top surfaces of a 20 nm NiFe film, a 160 nm yttrium iron garnet (YIG) film, and a 2 lm YIG film. The 160 nm YIG was made by pulsed laser deposition on a (111)-oriented gallium gadolinium garnet (GGG) substrate and is a single crystal with saturation magnetization close to bulk. The 2 lm YIG film was made by liquid phase epitaxial growth on (111)-oriented GGG substrate. The data for the 20 nm NiFe film fit well with Eq. (3); while for the 160 nm YIG films, the measured amplitude ratio is a little larger than that predicted by Eq. (3); and for 2 lm YIG film, the measured amplitude ratio is much larger (almost 2 times) than that predicted by Eq. (3).
At the small signal level, the MSSW amplitude excited by the antennas varies linearly with the maximum microwave magnetic field at the film surface generated by the microwave current in the antenna. 5 With our current asymmetric experimental setup, the MSSW signal excited by the top antennas is weaker at the bottom film surface than at the top surface because the bottom surface is farther away from the antennas resulting in smaller MSSW amplitude at the bottom surface. The solid lines show the modified results after compensation for the different magnetic fields generated by the antenna at two different locations: one located at the top magnetic film surface that is 200 nm underneath the 4 lm gold wire, and another at the bottom surface, 200 nm plus the magnetic film thickness s. After the distance compensation, the experimental data and the theory predictions now are in good agreement. This is additional evidence that MSSWs propagating along the Ày direction cannot be directly excited at the top surface by the antennas; however, they are excited at the bottom surface (D Ày ) first, then attenuated through the magnetic film, and finally detected by the top antenna (B Ày ).
The last situation we consider is spin-wave propagation at the surface of a thick magnetic substrate, a 254 lm thick YIG crystal. The antennas for excitation and detection of spin waves are the same size as the antennas in Figure 2 . For this thick YIG film, we were unable to obtain the spin-wave amplitude directly. Since the magnetic film is so thick that jkjs )1, Eq. (2) can be simplified to x ¼ ÀcðH þ 2pM 0 Þ. This yields the result that all spin waves with different wave-vectors will degenerate into the same dispersion curve, and the spin wave frequency is linear in magnetic field H. Under this condition, we cannot detect clear spin wave signals with separated wave-vectors. We therefore measure the relative signal amplitude from Antenna 1 to Antenna 2 (S21) and the amplitude from Antenna 2 to Antenna 1 (S12) in dB, instead of the spin wave amplitude in dBm. S21 and S12 are measured by a vector network analyzer (VNA) connected to Antenna 1 and Antenna 2. Figure 4 shows S21 in a logarithmic scale of dB. The S21 results clearly show a narrow linear relation which fits the equation x ¼ ÀcðH þ 2pM 0 Þ. In contrast, such a feature is absent in the S12 data. If the field direction is reversed, the same linear relation appears in the S12 data while not in S21. Figure 4 therefore shows that for a thick film, there are spin waves that propagate from Antenna 1 to Antenna 2 at the top surface, while no spin waves propagate from Antenna 2 to Antenna 1. Therefore, B Ày ¼ 0 and A þy =B Ày ) 1, which is consistent with Eq. (3). Three branches corresponding to different frequencies are evident at H > 0 and H < 0, respectively. These patterns occur because the antenna is at a node in the intensity when the wavelength of a spin wave is either D þ W or (D þ W)/2 which results in a zero output. In addition, the antenna becomes much less efficient for wavelengths below the gold-wire width W, which explains why only three branches were observed, instead of many branches.
To conclude, we have derived a quantitative relationship connecting the amplitudes of MSSWs propagating in opposite directions at the same surface of a magnetic film, and shown that the propagation of MSSWs is intrinsically unidirectional and has only one sign of wavevector: for a thick film (the film thickness is larger than the wavelength of the MSSW), MSSWs are only allowed to propagate along thẽ H Âñ direction, and to propagate in the opposite direction is forbidden; while a thin film is unable to isolate MSSWs completely, and MSSWs can still be detected that propagate in the ÀH Âñ direction at the same film surface. However, they are leaked MSSWs that propagate along theH Âñ direction at the opposite surface, and the amplitudes of those leaked waves reduce exponentially as the film gets thicker. Eq. (3) can be used to calculate how large the leaked signal is through the film. This work may lead to the realization of micron-sized microwave isolators, spin-wave diodes (where MSSWs propagate only in one direction), and the study of MSSWs at an obstacle because the simple reflection of the MSSWs at the obstacle is forbidden. 
